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Abstract 

Boundary charges in gauge theories (like the ADM mass in general 
relativity) can be understood as integrals of linear conserved n-2 forms of 
the free theory obtained by linearization around the background. These 
forms are associated one-to-one to reducibility parameters of this back- 
ground (like the time-like Killing vector of Minkowski space-time). In 
this paper, closed n-2 forms in the full interacting theory are constructed 
in terms of a one parameter family of solutions to the full equations of 
motion that admits a reducibility parameter. These forms thus allow one 
to apply Stokes theorem without bulk contributions and, provided appro- 
priate fall-off conditions are satisfied, they reduce asymptotically near the 
boundary to the conserved n-2 forms of the linearized theory. As an ap- 
plication, the first law of black hole mechanics in asymptotically anti-de 
Sitter space-times is derived. 
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1 Introduction 



Both Lagrangian 013131 and Hamiltonian 0J|S] approaches involve in some way 
the idea that it is the linearized theory around the background that determines 
the asymptotically conserved n — 2 forms used for the construction of boundary 
charges in gauge theories in n space-time dimensions. Recent results from vari- 
ational calculus (see [7] for a review and also HIE]) corroborate this point of 
view: 

• when restricted to solutions of the equations of motion, equivalence classes 
of closed, local, n — 2 forms up to exact, local, n — 2 forms correspond one- 
to-one to non trivial reducibility parameters; in this context, reducibility 
parameters are possibly field dependent gauge parameters such that the 
associated gauge transformations vanish on solutions of the equations of 
motion; such parameters are trivial if they vanish themselves on solutions 
of the equations of motion; 

• in standard interacting gauge theories like general relativity or semi-simple 
Yang-Mills theories in space-time dimensions strictly higher than 2, there 
are no non trivial reducibility parameters and thus no non trivial conserved 
n—2 forms; in other words, every local n—2 form that is closed on solutions 
of the equations of motion is given by the exterior derivative of a local n— 3 
form on solutions of the equations of motion; 

• in linear gauge theories however, reducibility parameters may very well 
exist; for instance in general relativity linearized around some background, 
particular reducibility parameters are given by the Killing vectors of the 
background; furthermore, for the flat background in space-time dimensions 
strictly higher than 2, they can be shown to be the only non trivial ones 

In , the one-to-one correspondence has been extended to (suitable equiv- 
alence classes of) asymptotically conserved n — 2 forms on the one hand and 
asymptotic reducibility parameters on the other hand. Furthermore, for given 
reducibility parameters, the asymptotically conserved n — 2 forms have been ex- 
plicitly constructed out of the linearized equations of motion and of the gauge 
transformations evaluated at the background. That the associated charges have 
all the standard properties like time independence or independence of the form 
or position of the closed n—2 dimensional hypersurface used in their definition is 
a direct consequence of on-shell closure and of Stokes theorem. By construction 
however, the n — 2 forms are only closed near the boundary, when evaluated 
for asymptotic solutions, i.e., deviations from the background that satisfy the 
boundary conditions and the linearized field equations to leading order. Hence, 
the application of Stokes theorem to relate the boundary charges to integrals 
over surfaces deep in the bulk will in general involve bulk contributions. 

From the point of view of the full interacting theory, different expressions 
for asymptotically conserved n — 2 forms are considered as equivalent to the 



1 



linear n — 2 forms discussed above, if asymptotically near the boundary, all non 
linear terms in the field deviations from the background vanish and if the linear 
terms belong to the same equivalence class (and thus define the same boundary 
charges) as the n — 2 forms of the linearized theory. This leaves of course a lot 
of freedom in the definition of these forms, and allows one to show for instance 
that the expressions derived in ^ 121 El for energy-momentum and angular 
momentum in asymptotically flat general relativity are all equivalent (see also 
e.g. ^31 for a recent discussion). 

Motivated by the work of Wald and Iyer ^JEIEU ( see also e -g-E3) on the 
formulation of the first law of black hole mechanics in terms of Noether charge, 
we will construct in this work n — 2 forms of the full interacting theory that are 
closed in a region of the bulk, provided that 

• the n — 2 form is constructed using a one parameter family of solutions 
to the full equations of motion valid in the region of the bulk where one 
wants to use Stokes theorem; 

• the exact reducibility parameters of the background are simultaneously 
exact reducibility parameters of the one parameter family of solutions to 
the full equations of motion. 

As a result, for these one parameter family of solutions, the boundary charges 
are related to the integrals of the n — 2 forms over surfaces deep in the bulk. 
Furthermore, if the Taylor expansions in the parameter of the n — 2 forms satisfy 
suitable fall-off conditions near the boundary, these forms reduce to the n — 2 
forms of the linearized theory discussed previously and thus correctly describe 
the boundary charges. 

In the next section, we briefly review, in the context of the linearized theory 
that is supposed to describe the full theory asymptotically near the boundary, 
the expression for the linear conserved n — 2 forms associated to the reducibility 
parameters of the background. Section 3 contains the main result on how the 
conserved n — 2 forms of the linearized theory should be modified so that Stokes 
theorem can be used without bulk contributions. In section 4, the theorem of 
section 3 is applied to the well known cases of Yang-Mills theory and Einstein 
gravity with cosmological constant. It is shown explicitly how the improved n— 2 
forms can be used to express conservation of total energy. As an application, 
a derivation of the first law of black hole mechanics for asymptotically anti-de 
Sitter space-times is presented. In the conclusion, the results that have been 
obtained are discussed from the point of view of the original derivation of the 
first law and comments on the relation to other approaches are made. 

2 Construction of the linear conserved n-2 forms 
of the free theory 

Let R l a [(j>] denote a generating set of gauge transformations JSj , with associated 
gauge symmetries Sf(f> 1 = Ra(f a ), where the parameters f a are local functions, 
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i.e., they may depend on x^, the fields 0* and a finite number of their derivatives. 

For example, in Einstein-Maxwell theory with cosmological constant A, de- 
scribed by the action, 



the fields <\> % correspond to g ilv ,A jll the metric and the electromagnetic gauge 
potentials respectively; the gauge parameters f a correspond to £ M ,A, the pa- 
rameters of an infinitesimal diffeomorphism and an infinitesimal U(l) gauge 
transformation respectively, while Sfcj) 1 — R l a (f a ) corresponds to 

%a6V = L £,9^v, (2) 

6i,\A» = L ( A » + 9 A ( 3 ) 

with denoting the Lie derivative. 

For all Qid n x with Qi local functions, we define the current n — 1 form 
SiMQiJ") = S^iQ^md^x), through 

QiK(f a ) = rRl l (Q l )d n x + d H Sl l (Q l J a ). (4) 

In this equation, denote the associated generating set of Noether operators, 
obtained from the gauge symmetries by the integrations by parts that move the 
derivatives from the gauge parameters to the Qi- The operator dn = dx^d^, 
with the total derivative with respect to x M , is the horizontal differential and 
{d?'~~ p x) IH ...p t = pi( ra 1 _p) l e Ml ..-Mr dxMp+1 ■■•dx tln with e ...„_i = 1. For example, 
if 

QiKiF) = QM a + QiRi^r, (5) 

then 

rnt i m = f a RaQi - mRXQi], (6) 

ST(Q*J a ) = Q*RTf a - (7) 

The defining property of the Noether operators are the Noether identities 

In the Einstein-Maxwell example considered above, these identities correspond 
to the contracted Bianchi identities D^(G^ + Kg^) = and D^D V F V ^ = 0. 

When the Qi are replaced with the left hand side of the Euler-Lagrange 
equations of motion in (@J, one gets, because of the Noether identities (JSJ), 

^Kin = d H s f , s f = si{^ v n. (9) 

In other words, Sf is a weakly vanishing representative for the Noether current 
n — 1 form associated to the gauge symmetry 5/0* = R l a (f a ). 
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In the Einstein-Maxwell example, Sf is explicitly given by 



= ^K-G^ - W + SttTZ + AD u F^{^A p + \)](d n ~ 1 x) ll , (10) 

l07T 

where the electromagnetic energy-momentum tensor is 

o Ar em 1 1 

TZ = -=- = — [F m F v a - -g^F^F aP ]. (11) 

y/\g\ og^v 4vr 4 



Let 4> l (x) be a background solution to the Euler-Lagrange equations of mo- 
tion and 4> l = 4> l (x) + ip l . We denote by S g [ip; 4>] the equations of motion 

linearized around <j) 1 (x) , obtained from the quadratic piece of the Lagrangian in 
an expansion according to (p. If f 0a — f a [x,(j>], the linearization around (^{x) 
of © gives 

r r free Sj j free 

-j— R%(f a ) = d H s f0 , sfofofi = S a \^—J 0a ), (12) 

where S° l — S % a [4>{x)}. For field independent parameters 1 /" that satisfy 

BPJ(n = 0, (13) 

equation (|12[l implies that 

d H sj = 0. (14) 

In the Einstein-Maxwell example, solutions to (|13(l are given by the Killing 
vectors of the background metric, L^g^ = 0, which satisfy in addition L^A^ + 

df^X = for some gauge parameter A. 

In the case of trivial topology, equation (|14|l implies that si = dnk^, for 
some n — 2 form kj[ip; <f>]. Provided the equations of motion j~ and the gauge 
transformations R l a (f a ) are local, in the sense that they depend only on a finite 
number of derivatives of the fields, the n — 2 form kf[ip; 4>\ can be constructed 
to be local as well, in the sense that it depends (linearly) on the ip 1 and a 
finite number of their derivatives, and on a finite number of derivatives of the 
background 4> l . How to explicitly construct kf o ut of Sj has been explained in 
many references, see e.g. [Ill EI3 EB E21 IS1 ESI 12Z1 12H] In the general 
relativity literature for instance, an algorithm has been given in j2H). In fact, 
the whole theory of "black hole entropy from Noether charge" |14l 1151 IT7I llfij 
relies crucially on this algorithm. Whereas in these references, the algorithm is 
used in terms of arbitrary gauge parameters, we will use the explicit formula 

1 The general case of field dependent gauge parameters f that satisfy R^(f a ) f»^ rce 0, 
where R^ ree means an equality that holds on solutions of the equations of motion of the 
linearized theory, is treated in section 3 of fl]. It can be shown that, when evaluated on 
solutions of the linearized theory, the expression of the n-2 forms constructed below is still 
valid in the more general case. 
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for the "contracting homotopy" involving higher order Euler operators due to 
Anderson [301 EH j hi terms of the fields ip l of the linearized theory below, and 
in terms of the fields (j) 1 of the full theory in the next section. Indeed, in the 
case of trivial topology, for local forms io v of degree p strictly lower than n that 
vanish when the ip % and their derivatives are set to zero, there exists an operator 
PH.ip such that 



It follows that the n — 2 form of the linearized theory defined by 
is closed when the linearized equations of motion hold: 



(15) 



(16) 



dukf 



(). 



(17) 



The explicit expression for kj is 



fe=0 



ds; 



■HhP 



ddxP 



(18) 



with the understanding that the first term in the sum does not contain an 
index /j, and no total derivative. Furthermore, the notation g ? xP stands for the 
contraction of a form with the vector , while the higher order Euler operators 

- ; are constructed out of the symmetrized partial derivatives 75 — . 

The detailed combinatorial factors involved in the definitions of these operators 
can be found in j3J or in appendix A of [TT]. Note however that the definition 
of kj[(p; </>] used here differs by an overall minus sign from the one used in |11| . 

The n — 2 forms kj[(p; 4>] have been explicitly computed in for Yang- Mills 
theory and Einstein gravity with cosmological constant and the results of [3 El 
and [B] have been recovered. From the point of view of Ej the contracting 
homotopy p p H provides a systematic way of converting " volume integrals to 
surface integrals" . 

In the next section, we construct ann-2 form in the full theory that, under 
suitable assumptions, is closed in the bulk and reduces asymptotically to the 
n — 2 form i|18|) of the linearized theory if appropriate fall-off conditions are 
satisfied. 



3 Construction of the closed n-2 forms of the 
full theory 

The most general form of the homotopy formula for dn (given in chapter 
4, pages 119-122) allows one to interpolate between a form evaluated at two 
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different field configurations by using a (not necessarily straight) path that con- 
nects these configurations: if (f> l s (x), s € [0, 1] is a one parameter family of field 

configurations and ip\ (x) = , one can show that 



ds 



s f [Mx)]-Sf[M*)] 



ds-(S f [<p s ]) 



J ° \k=0 



,<Pa 



s 



-Si 



d H p n H - l S f + p n H d H S f , 



where for a p form oj p [<f>] , 



= / ds 



with 



4 S (^) = J2 — ^ — '>■■ 



fc=0 



n — p + k + 1 



^(as)- 



ddxP 



If we define 



it follows using © that 

d H K f = - P n H (j^^rw*) + s f [M*)] - Sf[M<*)], 



(19) 



(20) 



(21) 



(22) 



(23) 



for an arbitrary configuration <j)\{x). Using the explicit expression of pjj, one 
can then show: 

Theorem 1. For a given solution </> 4 (x) of the full equations of motion, the 
n — 2 form Kr, defined in (|22l) . is closed in the bulk, 



d H K f = 0, 



(24) 



provided 



• a one parameter family <j) l s {x) of solutions to the full equations of motion 
interpolating between <fi l (x) and the background solution (f> l (x) is used, 



SL 

— 7 [^(x)]=0,V«G[0,l], 



(25) 



• the gauge parameters f a — f a are reducibility parameters for this inter- 
polating solution, 



i£[&(s)](/ a )=0,Vse[0,i]. 



(26) 
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The proof of the theorem is given in the appendix. 

The n — 2 form K j depends in general on the path 7 in the space of solutions 
chosen to interpolate between 4>(x) and <p(x), but not on the parameterization 
chosen for this path 2 . This justifies the following notation: 

K}= I I^iSfM, (27) 

J 'y 

where dyj) 1 stands for an infinitesimal variation of the fields. More precisely, 
K j is the integral along 7 of the vertical 1 form and horizontal n — 2 form in 
the variational bicomplex |3(JI 13 1| . 

Given appropriate fall-off conditions and an analytic expansion in s, the 
n — 2 form Kj coincides asymptotically near the boundary with the linear n — 2 

form kj discussed in the previous section: indeed, if (f> s (x) = <j) l {x) + sip l {x) + 
s 2 (^|(x) + . . . and the fall-off conditions are such that, in an expansion according 
to s, only the term independent of s in I Vs ^(S^)[(f) s (x)] contributes because all 
the other terms fall off too fast near the boundary, we have 

K f — > I v{x) (S0(x)] (28) 

In the appendix, it is shown that this expression agrees with expression l|18fl of 
the linearized theory. 

This reasoning can also be turned around to see how K j. can be constructed 
from kj[(p;<fi] of the linearized theory : because sj = (dySz)[ip; </>], where dy 
denotes a variation of the fields (jf and their derivatives and the argument [<p; 4>) 
means that the variations of the fields are substituted by ip % and the fields by 
the background solution ^(x), I^~^{S ^)[(j) s {x)} is given by the right hand side 

of (JTHJl, where tp l (x) , 4> l (x) are replaced by <p\ (x) , <j) % a (x) . We have thus shown 
the following corollary to theorem 1: 

Corollary 1. The closed forms Kj associated to a one parameter family of so- 
lutions 4> % s {x) with reducibility parameters f a can be obtained from the conserved 
n—2 forms fej[^5; </>] of the linearized theory defined in (|18f) by substituting the 
background for the one parameter family of solutions 4> s {x), by substituting the 
field deviations <p by <p s (x) = d ^ d ^ and by integrating over the parameter: 

Kf = [ ds kj[ip s ;(j> s }. (29) 
Jo 

Again, if 7 is the path in the space of solutions interpolating between (j) l (x) 
and <j) l (x), reparameterization invariance allows one to write 

Kf= f ~k f id v <j);<j)}. (30) 

2 The author wants to thank J. Zanelli for drawing his attention to this point. 
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Consider now the path 7 + ^7 where 67 is the "straight path" between the 
solution (p l (x) and the infinitesimally close solution (^(x) +5<fi' l (x). If we define 
5Kf to be the variation of Kf when evaluated on 7 + ^7 and on 7, it follows 
that 

6K f = f kj[d v M\- I k f -[d v <f>;^ = k f -[S(t>(xy,<f > {x)}. (31) 

4 Standard applications 

The n — 2 forms of the linearized theory given by (|18fl have been explicitly 
computed, up to a conventional overall sign difference, in section 6 for Yang- 
Mills theory and general relativity. The corresponding n — 2 forms in the full 
theory constructed using (|29|l are briefly discussed in the next two subsections. 

4.1 Yang-Mills theory 

In the Yang-Mills case, the n — 2 forms of the linearized theory agree with the 
ones found in [3j if D^ f = is taken into account. Here Z) M is the background 
covariant derivative and / = f a T a are non abelian gauge parameters. In the 
full non linear theory, application of l|29|l then gives 

K f = {d n - 2 x)^ J' dsTi(ffr) 

= (d n - 2 x), u Tr( K f(F^(x)~F^(x))y (32) 

where 

D^A s (x)]f = (33) 

has been taken into account and f? v (x) = D»[A s (x)]a v s (x) - D"[A a (x)]a%(x) 
with a* = -jj-. Equivalently, 

Kf = (d n - 2 x)^J ds (^Tr(/<) - ^Tr(/<)) 

= 2{d n - 2 x) llv d^{j{A"{x)-A"{x))). (34) 

In this case, the result does not depend on the path A^x) in the space of 
solutions but only on the end points A^x) and A^(x). 

4.2 General relativity with cosmological constant 

In the case of gravity with Lagrangian 

L = -^-J—g(R-2K), 
l07r 
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direct application of (|18|) gives n — 2 forms in the linearized theory that agree 
with those of 0. According to i|29[l . the n — 2 forms in the non linear theory are 
obtained by replacing the background g^ by a one parameter family of solutions 

and the metric deviations by 7i* = -^r- and integration the resulting 
expression over s. Dropping for notational simplicity the s dependence, one 
finds 

K g = -L(<r-» X ) [ ds V=g(CD^h + CD a h^ + tD v h°» 

5 107T J V 

+lhD"£» + ~h^Dj» + \h»°D^ a - (/i <— !/)) (35) 
= - i^K~ 2 *V j[ V=g{i P D a H^ + ^H^dplr) , (36) 

where H f " J ^ l '[h; g] has the symmetries of the Riemann tensor: 

H^ avl3 [h-g] = -h af3 g^ -h^g al3 + h av g^ + h^g av , (37) 
^ = - T^g^h. (38) 

In these expressions, it is understood that g a p = g s a p{ x ) IS the metric used to 
define the covariant derivative and, together with its inverse, to lower and raise 
the indices, with h — hfi. In JT], it has been pointed out that using the Killing 
equation D^^+D^^ = 0, the corresponding expression in the linearized theory 
agrees with the simplified expression given in equation (11) of |8j. Accordingly, 
in the full theory, using the Killing equation 

+ D„£ M = 0, (39) 

an equivalent expression is 

+^{D a h va -D v h)- (fi «—►!/)). (40) 

As pointed out in their expression (11) in the linearized theory agrees with 
dvQ — £ • 0, where dy denotes a field variation and Q and are defined in 
equations (61) respectively (63) of ^S]- Using this observation in the context 
of the full theory one finds that Kz can be decomposed into a piece involving 
the Komar integrands depending only on the end points of the path and a path 
dependent piece that is proportional to the undifferentiated Killing vector: 

= -"L K f [9[x)] + "L K f mx)] J! ds ^d^ e[9s{x) ' ks{x)] > (4i) 
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where 



Kf[g] = (d n - 2 x)^^g(D»t - 0* ~ ")) 



(42) 



is the Komar integrand and 



e[ 5 , ft] = —(d n - 1 x) fl ^9(D.h^ - £>"fc) 



(43) 



4.3 The first law of black hole mechanics 

As an application, we consider 4 dimensional asymptotically anti-de Sitter, sta- 
tionary and axisymmetric black hole space times, such as for example the (un- 
charged) Kerr anti-de Sitter black holes (32] (see also e.g. [331 133] for recent 
discussions of the first law in this context). In this particular case, the path 
that interpolates between anti-de Sitter space <7 M „ and a given Kerr anti-de Sit- 
ter black hole g l _ LV {x) = (a;) with fixed M and a can for instance be chosen to 
be 9uv{ x ) = 9^( S M, sa). (Note that this interpolation only needs to be valid in 
the region of space-time where one wants to apply Stokes theorem.) The total 
energy difference £ between the background and the given solution is 



where 5*°° is the 2 sphere at infinity given in Boyer-Lindquist type coordinates 
by t = to,r = R — ► oo, with to,R constant, and the stationary Killing vector 
field k in these coordinates can (for instance) be chosen to be k — Jj. 

As a consequence of Stokes theorem and the fact that dKk = 0, conservation 
of total energy reduces to 



where S is another closed 2 dimensional surface such that S°° and S are the 
boundaries of some 3 dimensional volume E. In particular, time independence 
of £ follows by choosing S to be the 2 sphere at infinity for some other time 

t = h. 

Let S — H be the intersection of E with the event horizon H + , k = £ — fijym, 
where m is the axial Killing vector field given in Boyer-Lindquist type coordi- 
nates by J^, £ is the null generator of the horizon associated to the solution 
9[iv{ x ) = 9Z,i/( x ) an d its constant angular velocity. Using expression l|41|l 
and the fact that m is tangent to 5°° , a Smarr type formula can be obtained as 
follows: 




(44) 




(45) 



£ 





Kf[g{x)] -<f [ ds£ 







e + n H j, (46) 



H 



Jh Jo 



ddx v 
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with Ah the area of the horizon, k its surface gravity and 

J =-j Sao K ™ = i f ( K nA9(x)} - K£\g(x)]) (47) 

the total angular momentum. 

In order to derive the first law of black hole mechanics in this context, we 
will follow closely the reasoning of ^] ^3 in the asymptotically flat case. The 
same steps as in the previous paragraph will now be applied to SK^ given in 
with H chosen to be the bifurcation surface B of the Killing horizon of 
the solution g^ v (x) — gh v (x). If 

SJ = -J> k m [Sg(x); g(x)} 

(d n - 2 x) IJi , v —(Z a D»6g ua - SgTD^ 

+ \8gD^ -U^v)), (48) 



16tt 
1 

16tt 



s° 



with Sg = 5g£, we get 

68 = d> k k [8g(x);g(x)} 



(k([Sg(x);g(x)] - fl H k m [8g(x); g(x)} 

DO V 

ks[5g(x);g(x)]+n H 6J 

B 

= ^SA H + Q H 5J. (49) 

The last line follows if one can show that § B k^[8g(x); g(x)] = -^8 Ah- Because 
£ vanishes on the bifurcation surface J5, one sees by comparing expressions H4()|l 
and (|41(l (without integral over s and h^ LV replaced by 8g iiv ) that only the varia- 
tion of the Komar integrand can contribute, § B k^[8g(x); g{x)] — § B 8K^ . 
That this last expression reduces to -^8 Ah can be shown by following for in- 
stance the proof of theorem 6.1 of |15|. 



5 Conclusion 

In standard interacting gauge theories like semi-simple Yang-Mills theory or 
general relativity in space-time dimensions strictly higher than 2, all local n— 2 
forms that are closed on-shell are trivial in the sense that they are given, on-shell, 
by the exterior derivative of local n — 3 forms. In the linearized theory around 
the background, however, non trivial on-shell closed n — 2 forms do exist and 
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they are in one-to-one correspondence with non trivial reducibility parameters 
of the background. 

In the case where there exists a path in the space of solutions that con- 
nects the background to the solution of interest and that admits reducibility 
parameters, we have constructed in this paper closed n — 2 forms of the full 
interacting theory, that under suitable assumptions, reduce asymptotically to 
the conserved n — 2 forms of the linearized theory used in the definition of the 
boundary charges. As a consequence, Stokes theorem can be used to easily re- 
late the boundary charges to the integral of these n — 2 forms on surfaces deep 
in the bulk, as needs to be done for instance in a derivation of the first law of 
black hole mechanics. 

The standard derivation of the first law is based on Komar integrals |35l 
(see e.g. |37| for a review). Komar integrals are very useful in this context 
because they allow one to directly relate integrals defined over the 2 sphere at 
infinity to integrals defined over the horizon, the bulk contribution that arises 
in a direct application of Stokes theorem being easily expressible in terms of 
the energy-momentum tensor. However, the Komar integrals do not provide 
a complete theory for boundary charges: their normalization has to be fixed 
by comparing to ADM type expressions and their validity is restricted to the 
asymptotically flat case. 

Systematic Lagrangian approaches to constructing the charges of interacting 
gauge theories such as general relativity are based on the linearized theory 
around the background |5J • When applying Stokes theorem directly to 
the corresponding n-2 forms in order to reach surfaces deep in the bulk such 
as the black hole horizon, one has to take into account the complicated bulk 
contribution of the non linear part of the field equations that have been shuffled 
into the right hand side of the equations of motion in the form of an effective 
energy momentum tensor. 

In this paper, we have shown how complicated bulk contributions can be 
avoided rather easily by a straightforward improvement of the n-2 forms con- 
structed in the linearized theory. Furthermore, because the n-2 forms con- 
structed here are directly related to the boundary charges for non flat back- 
grounds, they allow one to generalize the approach of ^] El Ell EH to the first 
law of black hole mechanics to such more general backgrounds. 

In future work, we plan to study general conditions under which the n — 
2 forms are path independent and apply the formalism to more complicated 
theories, for instance the higher curvature gravity theories considered in [381 
00 123 EH j or more exotic black hole solutions involving scalar fields like those 
discussed in [HHH]. 
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Appendix 

In the first part of this appendix, we prove theorem 1 and derive sufficient 
conditions that guarantee that Kf defined by 11' I'D is closed in the bulk. If 
(j)' l (x) = 4> % {x) and 4>\{x) = <j> l (x) are solutions to the full equations of motion, 
the last two terms on the right hand side of l|23|) vanish. Taking into account 
the explicit expression for the higher order Euler operators, the first term on 
the right hand side of (|23[1 is given by 

6L 



ds d, 



O) 



H + 1 



i 

5L 



(- 
s 



s 



(K(f a ))} [U^W^x),. (A.i) 



In this equation, a multi-index notation has been used: (fj.) stands for /ii 
is the length of the multi-index, i.e., if (//) = Hi . . . /ifc, . . . /ife| = 



k and 



(p) 



, d^ k . Furthermore, repeated multi-indices involve sums over both 



individual indices and the length. The binomial factors in the above expression 
come from the definition of the higher order Euler operators. The terms in 
the last line vanish if <fi l s (x) is a one parameter family of solutions to the full 
equations of motion, i.e., if equation Ij25(l holds, whereas the terms in the second 
line vanish if the (possibly field dependent) gauge parameters are reducibility 
parameters of this one parameter family of solutions, i.e., f a = f a and equation 
H26|) holds. This finishes the proof of theorem 1. 

In the second part of the appendix, we will show that 



I v (x)(Sf)[(t>(x)\ = 



1 



(m) 



(f 3 (x) - 



dS f ~ 



iP. , ddxP 



[fa)] 



(A.2) 



agrees with (|18f) when the latter is evaluated on solutions ip l (x) of the linearized 
theory. The only terms that will contribute to Kj are those for which the 
derivatives with respect to the fields of the higher order Euler operators act on 
d(\)j^i contained in Sf because all other terms will vanish when evaluated on 
solutions (jfg of the equations of motion. Taking into account that 

i d 2 L 



L trec = 



2 d^dtj, 



[<t>{x)]d {tT) ip % d{T) l P : ' \ 



(A.3) 
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(|A. 2|) agrees with p8|) evaluated at <t> l (x) because 

/8 s r) s T \ r) s / f) s2 T \ 

Furthermore, if 4>\{x) is a one parameter family of solutions to the full equations 
of motion, <p l (x) is a solution to the linear equations of motion defined by i frcc . 
This can be verified by differentiating 12ol) with respect to s and putting s to 
zero. 
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